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Abstract. We prove that Bir(P 3 ) has at least five non-conjugate subgroups isomorphic to . 
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We assume that all varieties are projective, normal, and defined over C. 
qq ; 1. Introduction 

Let r: G — > Cr3(C) be a monomorphism, where G is a finite group and Cr3(C) = Bir(P 3 ). 
Problem 1.1. Up to conjugation, find all subgroups in Cr3(C) that are isomorphic to G. 

Q\ \ It is well-known (see |31|. Section 4.2]) that there is a birational map £: V — > P 3 such that 

• the threefold V has terminal singularities, 

• there exists a monomorphism v: G — > Aut(V), 
^ , • for every element g £ G, we have 

r{g)=!i°v(g)oC 1 e Cr 3 (C), 

• there is a u(G)-Mori fibration tt: V — > S (see [3 Definition A.l]). 
Definition 1.2. The quadruple (V, £,u,7r) is a Mori regularization of the pair (G,t). 

Let t': G — > Cr3(C) be another monomorphism. 
Question 1.3. How to decide whether r(G) and t'(G) are conjugate in Cr3(C) or not? 
Let (V' , v', 7r') be a Mori regularization of the pair (G, r'). 

Theorem 1.4 ([HI Lemma 3.5]). The following assertions are equivalent: 

• the subgroups t(G) and t'(G) are conjugate, 

• there is a birational map p: V —•* V such that for every g E G there is </ G G such that 

^ ' (p') = p° v {g) ° p 1 ^ Aut (v 7 ) . 
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was supported by the grants RFFI 08-01-00395-a, NSh-1987.2008.1 and EPSRC EP/E048412/1. 
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2 IVAN CHELTSOV AND CONSTANTIN SHRAMOV 

Corollary 1.5. Suppose that dim(S') = 0. Then t(G) and t'{G) are not conjugate if the three- 
folds V and V are not isomorphic, and V is u(G')-birationally rigid (see [TJ Definition A. 3]). 

Suppose, in addition, that G is a non-abelian simple group. 

Theorem 1.6 ([31, Theorem 1.3]). One has 

G G { A 5 , A 6 , PSL (2, F 7 ) , A 7 , SL (2, F 8 ) , O' (5, F 3 ) } , 

where 0'(5,F3) is the commutator of the group 0(5,F3). 

Lemma 1.7. If dim(5) / 0, then G G {A 5 , A 6 , PSL(2, F 7 )}. 

Proof. There exists a monomorphism G — > Bir(P 2 ). Now we can use Theorem B.7]. □ 
By Theorem Ol and LemmaO if G G {A 7 , SL(2, F 8 ), 0'(5, F 3 )}, then dim(S) = 0. 

Example 1.8. Suppose that V is a complete intersection in P 5 that is given by 

5 

^2,Xi = a 4: (x ,x 1 ,X2,x 3 ,x i ,x 5 ) = C P 5 = Pto}(c[x ,xi,X2,x 3 ,X4 : ,x 5 ]), 
i=0 

where 04 is the elementary symmetric form of degree 4. Put G = 0'(5,F3). Then 

• there is a monomorphism v: G — >■ Aut(V) (see jTHl Chapter 5]), 

• the threefold V is rational (see [181 Section 5.2.7]), 

• the u(G)-invariant subgroup of the group C1(V) is Z (cf. Theorem II . 16|) . 

• it immediately follows from Theorem ll.l6l that the threefold V is i;((jr)-birationally super- 
rigid (see [3 Definition A. 4], O Definition 0.3.4]). 

The threefold constructed in Example 11.81 is known as the Burkhardt quartic (see [18]). 

Example 1.9 ([31, Example 2.11]). Put G = SL(2,Fg). One can show that there is a monomor- 
phism a: G — > Aut(LGr(4, 9)), and 

Pic(LGr(4,9)) =Z[H], 

where H is an ample divisor such that \H\ gives an embedding £ : LGr(4, 9) — > P 15 , which implies 
that the monomorphism a induces a monomorphism f3: G — > Aut(P 15 ). Put 

v = c(LGr(4,9)) nn 

where n is the unique /3(G)-invariant linear subspace II C P 15 such that dim(II) = 8. Then 

• the variety V is a smooth Fano threefold such that Pic(V) = Z and —Ky = 12 (see [28]), 

• the monomorphism (3 induces the monomorphism v: G — > Aut(V), 

• the variety V is rational (see |19|. Corollary 4.4.12]). 

Note that there is a monomorphism v: G ->■ Aut(P 3 ) = PGL(4,C) if G = A 7 (see [13]). 

Theorem 1.10. Suppose that G G {A 7 , SL(2, F 8 ), D'(5, F 3 )}. Then 

• if G = SL(2, Fg), then V is the threefold constructed in Example 11.91 

• if G = 0'(5,F 3 ), then either V = P 3 or V is the threefold constructed in Example Ol 

• if G = A 7 , then either V = P 3 or V is isomorphic to a smooth complete intersection 

<Ti(x , . . . ,x 6 ) = a 2 (x , ...,x 6 ) = a 3 (x , ...,x 6 ) = C P 6 = Proj^C[x , ...,x 6 ]\ 
where o~i is a symmetric form of degree i. 

Proof. By [31 1 Theorem 1.5], there exists a G-equivariant birational map x : V —+ U such that 

• if G = SL(2, Fg), then U is the threefold constructed in Example 11.91 
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• if G = 0'(5,F3), then either U — P 3 or U is the threefold constructed in Example 11.81 

• if G = A7, then either U = P 3 or U is isomorphic to a smooth complete intersection 

<Ti(x , . .. ,x 6 ) = a 2 (x , . . . ,x 6 ) = a 3 (x , ...,x 6 ) = C P 6 = Pro}(c[x , ■ ■■,x 6 ] J, 

where <7j is a symmetric form of degree i. 
It follows from the proof of [61\ Theorem 1.5] that x is a biregular map. □ 

Corollary 1.11. Up to conjugation, the group Cr3(C) contains 

• exactly 1 subgroup that is isomorphic to §L(2,Fg), 

• exactly 2 subgroups that are isomorphic to 0'(5,F3), 

• at most 2 subgroup^ that are isomorphic to A7. 

Suppose, in addition, that G = Aq. 

Remark 1.12. By Theorem EH one has V = P 2 x P 1 if dim(S) = 1. 

Let us consider three cases when the v (G)-invariant subgroup of the group C1(V) is Z. 

Example 1.13. Put V = P 3 . Then there exists a monomorphism 2.Ag — > SL(4, C) (see |13|). 
which induces a monomorphism v. G — >■ Aut(V) = PGL(4, C). 

Example 1.14. Let V be a smooth quadric threefold. Then V can be given by 

5 5 

^Xi = ^j;- = 0cP 5 = Proj (c [x , xi, x 2 , x 3 , x 4 , x 5 ] V 

i=0 i=0 

which implies the existence of a monomorphism v. G — > Aut(V). 
Example 1.15. If V is the complete intersection 

5 5 

= ^x 3 = C P 5 = Proj [x , x\ , x 2 , x-s,x 4 , x 5 ] ) , 

j=0 i=0 

then the threefold V has exactly 10 isolated ordinary double points (and hence V is rational), 
and there exists a natural monomorphism v. G — > Aut(V). 

The threefold constructed in Example II .151 is known as the Segre cubic (see [1 8|. Section 3.2]). 

Theorem 1.16 (cf. [26, Theorem 5], |34} Section 9]). Let V be the Burkhardt quartic. Then 

• the u(G')-invariant subgroup of the group C1(V) is Z, 

• the threefold V is w(G)-birationally superrigid. 

Proof. The group v(G) contains a subgroup F = §4 that fixes a point in Sing(V). One has 

F/F^P(l,2,2,3), 

which implies that the u(G)-invariant subgroup of the group C1(V) is Z. 

Suppose that V is not u(G)-birationally superrigid. Then Theorem 4.2] implies the exis- 
tence of a t;(G')-invariant linear system Ai on the threefold V such that 

• the linear system A4 does not have fixed components, 

• the log pair (V, is not canonical, where A S Q is such that Ky + \M. ~q 0. 



We do not know whether the complete intersection of a quadric and a cubic mentioned in Theorem ll.lOl is rati- 
onal or not, but we expect it is not (cf. [201 Chapter 3], [191 Theorem 9.1.6], [121 Theorem 6.3]). 
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Let Mi and M 2 be sufficiently general surfaces in the linear system A4 , and let H be a general 
surface in | — Ky\. Consider V as a quartic threefold in P 4 . 

Suppose that there is an irreducible curve C C V such that the log pair (V, AA4) is not 
canonical along the curve C. Let Z be the t>(G)-orbit of the curve C. Put d = —Ky ■ Z. Then 

4/A 2 = M 1 -M 2 -H^ dmult c (Mi)mult c (M 2 ) > d/X 2 , 

which implies that d ^ 3. So, the curve Z is contained in a hyperplane in P 4 , which is impossible, 
because the corresponding five-dimensional representation of the group G is irreducible. 

Take any point P 6 V such that the singularities of the log pair (V, XA4) are not canonical 
at the point P. Then the quartic V is singular at P by |12l Corollary 3.4]. 

Let S be the u(G)-orbit of the point P € V. Then there is a subset T C S such that |T| = 4, 
and the set T is not contained in any two-dimensional linear subspace of P 4 . 

Let Q C I — 2Ky\ be a linear subsystem that consists of all surfaces in | — 2Kyy\ that pass 
through every point of the set T. Then the base locus of the linear system Q is the set T. 

Let it: U — > V be a blow up of the set T, and let Ex, . . . , E4 be the 7r-exceptional divisors. Then 

M ~ vr* (M) -m(^Ex + E 2 + E 3 + E^j , 

where M is the proper transforms of the linear system M on the variety U, and m G Z. 

It follows from Theorem 1.7.20] that m > 1/A (cf. [HJ Theorem 3.10]). 

Let T be the intersection of two sufficiently general surfaces in Q, and let T be the proper 
transform of the curve T on the threefold U. Then 

> 8/A - 8m > 8/ A - m ^ mult (r) = M ■ T ^ 0, 

oer 

where M is a general surface in Ai. The obtained contradiction completes the proof. □ 
The main purpose of this paper is to prove the following result. 

Theorem 1.17. The following assertions hold: 

• if V = P 3 and v : G — > Aut(V) is the monomorphism that is constructed in Example 1 1.131 
then the threefold V is u(G')-birationally rigid and 

S 6 Aut"^) (V) ± (V) * S 6 *a 6 §6, 

where S6"^A 6 §6 is the free product of Sq and §6 with amalgamated subgroup Aq, 

• if V is the Segre cubic, then V is u(G')-birationally superrigid, 

• if V is the smooth quadric threefold, then V is f (G')-birationalry superrigid. 

Proof. The required assertion follows from Theorems 14.71 15.61 and 16.21 □ 
Corollary 1.18. Up to conjugation, there are at least 5 subgroups in Cr3(C) isomorphic to A$. 

To prove Theorems 14.71 15.61 and 16.21 we use the following tools: 

• the Noether-Fano inequality (see Lemma 14.111 [HI Theorem 4.2], [5j Theorem 1.4.1]), 

• the "multiplication by two" trick (see Remark 14.131 and Lemma 15 .8j) , 

• the Nadel-Shokurov vanishing theorem (see Theorem 12.11 [24^ Theorem 9.4.8]) 

• the Shokurov connectedness principle (see Theorem 12.31 |331 Lemma 5.7]), 

• the Inversion of Adjunction (see Theorem 12.41 [23, Theorem 7.5]), 

• the Kawamata subadj unction theorem (see Theorem 12.61 [221 Theorem 1]), 

• the Kawamata-Shokurov trick (see Lemma 12.101 the proof of [211 Theorem 1.10]), 

• the representation theory of the group Aq and its subgroups (see Section EJ [T3]). 

• the construction of the Todd involution in Cr3(C) of degree 19 (see Lemma 14.41 [37]), 

• the following classical results: 

— the Riemann-Roch theorem (see [161 Theorem 1.3], Section 1.2]), 
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— the Clifford theorem (see Theorem 12. 17\ Theorem 5.4], [2J Section III. 1] ) , 

— the Castelnuovo bound (see Theorem 12, 161 [IS Theorem 6.4], [21 Section III.2]), 

— the Riemann-Hurwitz formula (cf. Lemma 12.81 [21 Section 1.2]), 

— the Corti inequality (see |121 Theorem 3.1]). 

In Appendix [A] we answer a question posed in |31l Remark 2.10]. 

We thank T. Dokchitser, I. Dolgachev, Y. Prokhorov, L. Rybnikov, E. Smirnov for discussions. 

2. Preliminaries 

Let X be a variety with at most Kawamata log terminal singularities (see [23 , Definition 3.5]), 
let Bx be an effective Q-divisor on the variety X such that (X, Bx) is log canonical. Then 

r 

Bx = aj-Bj, 
i=l 

where aj G Q, and is a prime Weil divisor on the variety X. 

Let 7r: X —7- X be a birational morphism such that X is smooth. Then 

r m 

i=l i=l 

where -Bj is the proper transforms of the divisor Bi on the variety X, and E{ is an exceptional 
divisor of the morphism tt, and di is a rational number. We may assume that 

(y*)u(EW 

is a divisor with simple normal crossing. Put 

(m r \ 

i=i i=i / 

Theorem 2.1 ( |241 Theorem 9.4.8]). Let i? be a nef and big Q-divisor on X such that 

Kx + Bx + H = D 
for some Cartier divisor D on the variety X. Take i ^ 1. Then 



ir^z(x,5 x j ®£>J =0. 

Let C(X,Bx) be a subscheme that corresponds to the ideal sheaf X{X,Bx)- Put 



LCS(X,5 X ) = SuppmX,£ x )J 



Remark 2.2. The subscheme C(X,Bx) is reduced, because (X,Bx) is log canonical. 

Let C : X — > Z be a surjective morphism with connected fibers. 
Theorem 2.3 ([331 Lemma 5.7], [21, Theorem 1.4]). Let F be a fiber of (. Then the locus 

LCS(X,£ X ) nF 
is connected if —{Kx + -Bx) is J?- nef and r/-big. 

Recall that there are standard names for I(X, Bx), C(X,Bx) and LCS(X, Bx)'- 

• X{X,Bx) is known as the multiplier ideal sheaf (see |241 Section 9.2]), 

• C(X, Bx) is known as the log canonical singularities subscheme (see [5] Definition 1.7.5]), 
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• LCS(X, Bx) is known as the locus of log canonical singularities (see [331 Definition 3.14]). 

Theorem 2.4 ([231 Theorem 7.5]). Suppose that a\ = 1, and B\ is a Cartier divisor that is a va- 
riety with Kawamata log terminal singularities. Then the following conditions are equivalent: 

• the log pair (X, Bx ) is log canonical along B\ ; 

• the singularities of the log pair 



B\ , aiBi 



i=2 



are log canonical. 



~o Kz + Bz, 



Let Z be a center of log canonical singularities of the log pair (X, Bx) (see [211 Definition 1.3]), 
and let LCS(X, Bx) be the set of all centers of log canonical singularities of the log pair (X, Bx). 

Lemma 2.5 ( |2H Proposition 1.5]). Let Z' be an element of the set LCS(X, Bx) such that 

k 

^ znz' = J2 z i> 
i=i 

where Zj C Z is an irreducible subvariety. Then Z^ G LCS(X, Bx) for every i G {1, . . . , k}. 
Suppose that Z is a minimal center in LC8(X, Bx) (see [21], [22], ]§\ Definition 2.8]). 

Theorem 2.6 ([22] Theorem 1]). Let A be an ample Q-Cartier Q-divisor on X. Then 

• the variety Z is normal and has at most rational singularities, 

• there exists an effective Q-divisor Bz on the variety Z such that 

(k x +B x + A^ 
and (Z, Bz) has Kawamata log terminal singularities. 
Let G C Aut(X) be a finite subgroup. 

Lemma 2.7. Suppose that X is a curve. Let £ C X be a G-orbit. Then 

• if |£| = 1, then G is cyclic, 

• if G = As, then |S| G {12, 20, 30, 60}, 

• if G = A 6 , then jsj G {60, 72, 90, 120, 180, 360}. 

Proof. If S is a point, then G acts faithfully on the tangent space to X at the point E. □ 

Lemma 2.8. Suppose that X is a curve of genus g and G = Ag. Then 

• if < 34, then 5 G {10, 16, 19, 25, 31}, 

• if g = 10, then X does not contain G-orbits of length 120. 

Proof. Let F C G be a stabilizer of a point in X. Then 

F = Z k 

for some k G {1, 2, 3, 4, 5, 6} by Lemma I27T1 

Put X = X/G. Then X is a smooth curve of genus g. The Riemann-Hurwitz formula gives 

2g - 2 = 360 (2# - 2) + 180a 2 + 240a 3 + 270a 4 + 288a 5 + 300a 6 , 

where a k is the number of G-orbits in X with a stabilizer of a point isomorphic to 

Suppose that g ^ 34. Note that g ^ by the classification of finite subgroups of PGL(2, C), 
and g/l since G is non-solvable. Since a k ^ 0, one has g = 0, and 

(2.9) 2# - 2 = -720 + 180a 2 + 240a 3 + 270a 4 + 288a 5 + 300a 6 , 
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which implies that g G {10, 16, 19, 25, 31}. The only solution to fl2j| for g = 10 is 

(a 2 ,a 3 ,a A ,a 5 ,a 6 ) = (l, 0,1,1,0), 
which completes the proof. □ 
Suppose, in addition, that the divisor Bx is G-invariant. Then 

g(Z) £hCs(x,B x ) 

for every g £ G, and the locus LCS(AT, Bx) is G-invariant. It follows from Lemma 12.51 that 

g(Z)ng'(Z)^0 <=> g[Z)=g'(Z) 
for every g G G 3 g' , because Z is a minimal center in LCS(X, Bx). 

Lemma 2.10. Suppose that the divisor Bx is ample. Let e be an arbitrary rational number such 
that e > 1. Then there exists an effective G-invariant Q-divisor D on the variety X such that 



U 



LCS(^f, D ^ 

geO 

the log pair (X,D) is log canonical, and the equivalence D ~q e(Bx) holds. 
Proof. See the proofs of |21| Theorem 1.10], |22^ Theorem 1], [9] Lemma 2.11]. □ 
Suppose, in addition, that X is a Fano variety. Put 

the log pair (X, XD) has log canonical singularities | 

_ v 1 el. 
for every G-invariant effective Q-divisor D ~q —Kx I 

Remark 2.11. If the variety X is smooth, then it follows from [U Theorem A. 3] that 

\ct(x,G)=a G {X), 



let fx, g] =sup< A G 



where c*q(X) is the G-invariant a-invariant of the variety X introduced in [35] and 

Suppose that X = F 1 x P 1 . 
Lemma 2.12. Suppose that G = A5. Let S C X be a G-invariant subset. Then |S| ^ 12. 
Proof. The required assertion follows from Lemma 12.71 □ 

Let Li C X D i>2 be curves such that L\ = L\ = Q and Li • L2 = 1. 

Lemma 2.13. The following conditions are equivalent: 

• the inequality lct(X, G) ^ 1 holds, 

• the linear systems 1-^2 1 > l-^i + ^2! contain no G-invariant curves. 
Proof. If there is a G-invariant curve in \L\\ or IL2I or |Li + L2I, then the equality 

lct(X,G)=i 

holds (see [U Theorem 1.7]). 

Suppose that \L\\, \L 2 \, \L\ + L 2 \ contain no G-invariant curves, but lct(X,G) < 1. 
There are A G Q and an effective G-invariant Q-divisor DonI such that A < 1 and 

D ~q -K x ~2(l! + L 2 ), 

but (X, \D) is not Kawamata log terminal. We may assume that (X, XD) is log canonical. 
Suppose that there is a G-invariant curve G C X such that 

xd = nc + n, 
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where \i ^ 1, and f2 is an effective G- invariant Q-divisor, whose support does not contain any 
component of the curve G. Then 

G ~ aL\ + bL 2 

for some non-negative integers a and b. Then either a ^ 2 or b ^ 2. But 
2 > 2A = \(d ■ lA = (fxC + ri) ■ L x ^ C ■ L 1 = b, 



which implies that 6^1. Similarly, we see that a = C ■ L 2 ^ 1, which is a contradiction. 

We see that the locus LCS(X, XD) is a finite G-invariant set. Thus, the locus LCS(X, XD) 
consists of a single point O £ X by Theorem 12.31 

Let H be the unique curve in \L\ + L 2 \ that is singular at O. Then H must be G-invariant, 
which is a contradiction, because the linear system IL1+L2I contains no G-invariant divisors. □ 

Let us identify I = P 1 x P 1 with a smooth quadric surface in P 3 , and let us identify G with 
a subgroup in Aut(P 3 ) such that X is G-invariant. There is a subgroup G C SL(4, C) such that 



G = <f)(G) C Aut(P 3 J ^ PGL(4,CJ, 
where <p: SL(4,C) -)■ Aut(P 3 ) is the natural projection. Put W = C 4 

Lemma 2.14. Suppose that W is an irreducible representation of the group G = G = A 5 , and 

B x ~q mil + (8 - m)L 2 , 

where m is a rational number such that 1 < m < 2. Then \hCS(X, Bx)\ < +00. 

Proof. It follows from explicit computations that \L\ + nZ^I contains no G- invariant curves for 
any n ^ 6. By Lemma [2 .71 the linear system \nL 2 \ contains no G-invariant curves for any n ^ 11. 
Suppose that |LCS(X, Bx)\ = +00. Then there is a G-invariant curve G C X such that 

b x = fic + n, 

where \x ^ 1, and is an effective G-invariant Q-divisor, whose support does not contain any 
component of the curve C . Then 

G ~ aL\ + bL 2 

for some non-negative integers a and b. Then either a ^ 2 or b ^ 2. But 

2 > m = • L 2 = (pC + L 2 > C ■ L 2 = a, 
which implies that either a = or a = 1. Similarly, we see that 

7>8-m = B x -L 1 = (jjlC + oV L x > G • £1 = 6, 
which implies that 6^6, which is a contradiction. □ 

Let G be a smooth irreducible curve of genus g. 
Theorem 2.15. Suppose that g ^ 2. Then 

( 320 if 5 = 9, 
432 if g = 10, 
240 if g = 11, 
120 if g = 12, 
360 if g = 13, 
k 504 if g = 15, 

and the inequality |Aut(G)| ^ 84(g — 1) holds for any g ^ 2. 



|Aut(G)| ^ 
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Proof. The inequality |Aut(C)| 84(g — 1) is the famous Hurwitz bound (see [U Theorem 3.17]), 
the exact bounds for particular genera may be found in [H Table 13]. □ 

Let D be an effective divisor on the curve C. 

Theorem 2.16. Suppose that h l (O c {D)) / 0. Then 

h°(o c {D)) <ideg(L>). 
Proof. See |16|, Theorem 5.4] or [2j Section III. 1] . □ 

Suppose that there is an embedding C — > P n such that C(C) is a curve of degree d. 
Theorem 2.17. Suppose that £(C) is n °t contained in any hyperplane in P n . Then 

m(m — l)(n— 1) 

g ^ — y + me ' 

where m = \_(d — l)/(n — 1)J and e = d — 1 — m{n — 1). 

Proof. See [2] Section III.2]. □ 

3. Alternating group 

Let §6 be the group of permutations of the set {1, 2, 3, 4, 5, 6}. 

Definition 3.1. Let H C Aq be a subgroup that is isomorphic to A5, §4 or A4. Then we say that 
the embedding H C Aq is standard if one of the following conditions is satisfied: 

• if H = A5 and H is conjugate to the subgroup of even permutations of {1, 2, 3, 4, 5}, 

• if H = §4 and H is conjugate to the subgroup of permutations of the set 

{1,2,3,4} 

such that the odd permutations of {1,2,3,4} are twisted by the transposition (5,6), 

• if H = A4 and H is conjugate to the subgroup of even permutations of {1,2,3,4}. 
We say that the embedding H C Aq is non-standard if it is not standard^. 

Let 2.A 6 be the group such that there exists a non-splitting exact sequence of groups 
1 Z 2 >■ 2.A 6 A 6 > 1 . 



Note that 0.(^2) is the center of the group 2.Ag. 

Definition 3.2. Let H C 2.A@ such that /3(H) is isomorphic to A5, §4 or A4. Then 

• we say that the embedding H C 2.Ag is standard if f3(H) C Aq is standard, 

• we say that the embedding H C 2.Aq is non-standard if f3(H) C Aq is non-standard. 

Let G be a finite subgroup in Aut(P 3 ) such that G = Aq. 

Lemma 3.3 (|13|). Every maximal proper subgroup of the group G = Aq is isomorphic to 
either to A5, or 84, or (Z3 x Z3) x Z4. Moreover, up to conjugation, the group G contains 

• one subgroup isomorphic to (Z3 x Z3) x Z4, 

• one subgroup isomorphic to (Z3 x Z3) x Z2, 

• two subgroups isomorphic to §4 (respectively, A5, A4). 

Put V = C 4 . There exists a finite subgroup G C SL(4, C) such that G = 2.Ag and 

G = 4>{G) C Aut(V 3 ) ^ PGL(4,c' 
where (j): §L(4, C) — > Aut(P 3 ) is the natural projection. 



2 



Note that the non-standard and standard embeddings of the group H into A§ are interchanged by Aut(Ae) 
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Remark 3.4. The group G has two irreducible four-dimensional representations (see [E]), which 
implies that we may identify V with one of them, because another one differs from V by an outer 
automorphism of the group G. Thus, we may assume that the natural action of the group G on 

A 2 (V) ^ C 6 

arises from the permutation representation of the group G = Aq. 

Let F C G be a subgroup, and let F C G be a subgroup such that 4>{F) = F. 

Remark 3.5. Suppose that F = 2.A 5 C 2.A 6 . Then 

f U U' if F C G is standard, 

{ Sym 3 (C/) = Sym 3 (C/') if F C G is non-standard, 

where U and £/' are different two-dimensional representations of the group F = 2.A5. 

Lemma 3.6. Suppose that F = 2.A5 and F C G is a non-standard embedding. Then there 
exists an irreducible ^"-invariant smooth rational cubic curve ZcP 3 . 

Proof. The required assertion follows from Remark 13.51 □ 
Let z and e be the non-trivial element in the center of G and the identity element, respectively. 

Lemma 3.7 (cf. [91 Lemma 4.7]). The following assertions hold: 

• any semi-invariant of the group G is its invariant, 

• the group G does not have invariants of odd degree, 

• the group G does not have invariants of degree at most 7, 

• the group G has two linearly independent invariants of degree 8. 

Proof. Semi-invariants of the group G are its invariants, because the center of the group G is 

contained in its commutator, and the group G is a simple non-abelian group. 

The group G does not have invariants of odd degree, because G contains a scalar matrix 

whose non-zero entries are —1. Therefore, to prove that G has no invariants of degree at most 7, 

it is enough to show that G does not have invariants of degree 4 and 6. 

Let Xm be the character of the representation Sym m (V) (cf. Remark l3.4p . Put x = Xi- 
The values of the characters x, X4, X6 and X8 are listed in the following table: 





[Mho 


[5,1]5 


[4,2] 8 


[3,3] 6 


[3,3] 3 


[3,1,1,116 


[3,1,1,1] 3 


[2,2,1,1k 


z 


e 


# 


144 


144 


180 


40 


40 


40 


40 


90 


1 


1 


X 


1 


-1 





-1 


1 


2 


-2 





-4 


4 


X4 








-1 


2 


2 


-4 


-4 


3 


35 


35 


X6 


-1 


-1 





3 


3 


3 


3 


-4 


84 


84 


Xs 








1 


3 


3 


3 


3 


5 


165 


165 



where the first row lists the types of the elements in G (for example, the symbol [5, l]io denotes 
the setB of elements of order 10 whose image in Ag is a product of disjoint cycles of length 5 and 1) . 
Recall that there is a natural inner product (•, •) defined for the characters 8 and 9' by 



1 1 geG 



Note that these sets do not coincide with conjugacy classes. For example, the image of the set of the elements 
of type [5, l]io under the natural projection 2.Ag — > A$ is a union of two different conjugacy classes in Ag. 
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Let xo be the trivial character of G. Then 

(X4,Xo) = (X6,Xo) = 0, 

so that G has no invariants of degree 4 and 6. On the other hand, (xs,Xo) = 2, which means 
that the group G has exactly two linearly independent invariants of degree 8. □ 

Suppose that F is a stabilizer of a point P G P 3 . 

Lemma 3.8. Let £ C P 3 be the G-orbit of the point P G P 3 . Then |S| ^ 36. 

Proof. It follows from Lemma 13.71 that |E| ^ 8 and |S| is even. Suppose that |S| ^ 35. Then 

45 = H > \f\ > M > 10, 
8 1 1 35 



which implies that |.F| G {12,18,36} by Lemma[ 

Let us consider the vector space V as a representation of the group F, and let \ be its char- 
acter. There is a homomorphism 9: F — > C* such that the inner product (9,x) 7^ 0. 
Suppose that \F\ = 36. Then F = (Z3 x Z3) x Z4 by Lemma 13.31 
The structure of the group F and the values of x are given in the following table: 





[4,2] 8 


[3,3] 6 


[3,3] 3 


[3,1,1,1] 6 


[3,1,1,11s 


[2,2,1,1] 4 


z 


e 


# 


36 


4 


4 


4 


4 


18 


1 


1 


X 





-1 


1 


2 


-2 





-4 


4 



where we use the notation that are used in the proof of Lemma 13.71 
We have [F, F] ^ 2.(Z 3 x Z 3 ), which gives 

0(g) = 1 

for any g £ F that is not of type [4, 2]§ and [2, 2]^. Hence (9, x) = 0, which is a contradiction. 
Suppose that \F\ = 18. Then 

F = (Z 3 x Z3) x Z 2 



by Lemma [3731 Arguing as above, we get (9,x) = 0. 
Suppose that \F\ = 12. Then F = A4 by Lemma 13.31 

Up to conjugation, the group G contains two subgroups isomorphic to A4. 

If F C G is a standard embedding, then the values of x are given in the following table: 





[3,1,1,1] 6 


[3,1,1,11s 


[2,2,1,1] 4 


z 


e 


# 


8 


8 


6 


1 


1 


X 


2 


-2 





-4 


4 



If F C G is a non-standard embedding, then the values of x are given in the following table: 





[3,3] 6 


[3,3] 3 


[2,2,1,1] 4 


z 


e 


# 


8 


8 


6 


1 


1 


X 


-1 


1 





-4 


4 



We have [F, F] = 2.(Z 2 x Z 2 ). So = 1 for any g G F of order different from 3 and 6, and 

for all g G F of order 6. Now we can check that (9, x) = 0, which is a contradiction. □ 
Suppose that there exists an irreducible G-invariant curve C C P 3 of degree d. 
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Lemma 3.9. Suppose that C is a smooth curve of genus g ^ 13. Then 

h°(o ¥3 (l) ®x\ = /i°(o p3 (2) <g> j) = /i°(o P 3(3) ®i) =0, 
where X is the ideal sheaf of the curve CcP 3 . 

Proof. It follows from Theorem 12.171 and Lemma 12.81 that d > 4. Hence, we have 

fc° (o P 3 (2) ®l)=0 

by Lemma 13.71 

Suppose that there is a cubic surface XcP 3 such that C C X. Then 

ft (o P 3 (3) ® z) ^ 2 
by Lemma 13.71 There is a cubic surface X' C P 3 such that C C I' / I. Thus 

c cxnx', 

and X and X' are irreducible, because C is contained neither in a quadric nor in a plane. 
We see that d ^ 9. Hence, we have g ^ 12 by Theorem 12.171 which is a contradiction. □ 

4. Projective space 

Let (5 C Aut(P 3 ) be a subgroup such that G = Aq. There is a subgroup G C Aut(P 3 ) such that 

GcG = § 6 , 

which implies that G C Aut G (P 3 ), because (5 is a normal subgroup of the group G. 
Remark 4.1. Let Gi C G be a subgroup such that G\ = A5 and the embedding 

A 5 = Gi C G = A 6 

is standard (see Definition 13. ip . Then there is a Gi-invariant line Li C P 3 by Remark 13.51 
Thus, there are 12 lines L\, L 2 , L^,Li, L5, Lq and L' l5 L 2 , L' 3 ,L'^, L' 5 ,L'q in P 3 such that 

• the curves Yli=i an< ^ Yli=i are G-orbits of the lines L\ and L[, respectively. 

• the lines L%, L 2 ,L^,L4, L$, L§ and _L 2 , L' 3 ,L' A , L' 5 ,L' 6 are disjoint, 

• for any 4 lines among L\, L 2l L3, L4, L§, Lq there are 2 lines in P 3 that intersect them, 

• for any 4 lines among L^, L 2 , L' 3 , L'^, L' 5 , L' s there are 2 lines in P 3 that intersect them, 

• there are no lines in P 3 that intersect 5 lines among L\, L 2 , L3, L4, L5, Lq, 

• there are no lines in P 3 that intersect 5 lines among L' l7 L 2 , L' 3 , L4, L' 5 , L' e , 

• the curve Yli=i Li + Xh=i * s a G-orbit of the line L\. 

Recall that a finite set of lines in P 3 are said to lie in a linear complex if the corresponding 
points of the Grassmaniann Gr(2, 4) C P 5 lie in a hyperplane section. 

Lemma 4.2. Neither Li, L 2 , L3, L4, L5, L§ nor L 2 , L' 3 , L' 4 , L' 5 , L' e lie in a linear complex. 
Proof. It follows from Remark 13.41 that the space 

A 2 (V) C 6 

is the permutation representation of the group G = Ag. The natural action of the group G on 

Gr(2,4) c P 5 ^ P(A 2 (y)) 
arises from this representation. Let us identify G with a subgroup in Aut(P 5 ). 
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Note that there is a unique G- invariant hyperplane H C P 5 . We may assume that the hyper- 
plane H is given by Ya=o X{ = 0, the intersection Gr(2, 4) Pi H is given by the equation 



^2 x i = ^2 x "i = c p5 - Proj (C [x , x u x 2 ,x 3 ,x 4 , x 5 



i=0 i=0 

Let P G Gr(2, 4) be a point that corresponds to the line L\ C P 3 , and let G% C G be the sta- 
bilizer of the point P. Then G\ = A5, and the embedding Gi C G is standard (cf. Remark 14. ip . 

Suppose that the G-orbit of the point P is contained in a hyperplane. Then this hyperplane 
must be H. Thus, the G-orbit of the point P must contain a point in P 5 that is given by 

xq = xi = x 2 = x 3 = x 4 = — -, 

5 

which is impossible, because this point does not belong to the intersection Gr(2, 4) n H. □ 
Lemma 4.3. The equality Aut (5 (P 3 ) = G holds. 

Proof. Put G = Aut^P 3 ). Then 

• the curve Yli=i + X^=i ^ s G-invariant, 

• the group G is a normal subgroup of the group G. 

There is a subgroup G C G of index 2 such that X^=i an d Yli=i are G-invariant. 

Let Y be the Hierholzer surface of the lines L\, L 2 , L3, L4, L5, Lq (see |38^ Section 2.1]). Then 

• the surface Y is G-invariant and there exists a monomorphism £: G — > A\xt(Y), 

• the surface Y is birational to a surface of general type (see [Ml Theorem 2.1]), 

which implies that G is a finite group (see [17]). Thus G is a finite group. Hence, we have 

lct(p 3 ,G) > lct(P 3 ,G) ^ lct(P 3 ,G) > -, 



5' 

by Theorem 1.34]. There is a finite subgroup G C SL(4, C) such that 

G = 0(G) C Aut(p 3 ) ^ PGL(4,C N 



where <fi: SL(4, C) — > Aut(P 3 ) is the natural projection. 

Note that G may not be uniquely defined. However, by [9j Theorem 1.34], we may assume that 
one of the following possibilities hold: 

• G = 2. Sg; which is a central extension of the group §6 = G, 

• G = 2.A7, which is a central extension of the group A7 = G, 

• G = 0'(5,F3), which is a central extension of the group 0'(5,F3) (see Theorem 1 1 .6|) . 

• G is one of the four groups described in [9l Example 1.30]. 

Note that G ^ 2.A7, because G = §6 an d §6 contains no subgroups isomorphic to A7. 
Suppose that G C G. Then G p 2.S 6 . 

Recall that G is a normal subgroup in G. Then G ^ 0'(5,F3), because 0'(5,F3) is simple. 
We see that G is one of the four groups described in [2 Example 1.30]. It follows from [29] that 
there is an exact sequence of groups 

1 >tib — *• g — -r -1, 



where T is a subgroup of the group §6- Then T = § 6 because G = Sg 
Let e be the identity element in G. Then 

G n im(a) = e, 
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because G is a simple group, and G is a normal subgroup of the group G. Hence 

G D (im(a),G) = Gx^ 
which easily leads to a contradiction (see □ 
Let us show that Bir G (P 3 ) ^ G, which implies that P 3 is not G-birationally superrigid. 

Lemma 4.4. There is a birational involution i € Bir G (P 3 ) such that 

• the involution i is not biregular, 

• the linear system t(|Cp3(l)|) is a linear subsystem in |0 F 3 (19) | , and 

mult Li (M) = 5 

for every i £ {1, 2, 3, 4, 5, 6} and a general M £ t(|Op3 (1)|), 

• the group generated by G and l is isomorphic to §6- 

Proof. Let H be a linear subsystem of the linear system 1 0^3 (4) | consisting of surfaces that pass 
through the lines L\, L2, L3, £4, L§, Lq. Then it follows from [37] and \38\ Theorem 2.4] that 

• the linear system T~L does not have fixed components, 

• the linear system % induces a map ip: P 3 — - > V, where V is a quartic threefold in P . 
Let a: U — > P 3 be a blow up along L±, L2, L3, L4, L§, Lq. Then there is a commutative diagram 

U 





P 3 "7--^ 

where /3 is a birational morphism that contracts finitely many curves. 

It follows from |38t Theorem 2.4] that VcP can be given by the equation 



[ 3x 2 + 2y 2 + 2z 2 + 2t 2 + 2w 2 - 3xy + 3xz + 3xt - 3xw - 2yz - 2yt + yw + zt - 2zw - 2twj 2 

in appropriate homogeneous coordinates [x : y : z : t : w] in P 4 . Using )37j , we see that 

• the singular locus of the threefold V consists of 36 nodes, 

• the morphism /3 contracts the proper transforms of the following curves: 

— 30 lines in P 3 each of whom intersects 4 lines among L\, L2, L3, L4, L5, Lq, 

— 6 twisted cubics in P 3 each of whom has the lines L±, L2, L3, L4, L5, Lq as chords. 
Note that the quartic threefold V C P 4 is determinantal (see [37], [301 Example 6.4.2]). 
The map 4> is G-equivariant. We can identify G with a subgroup in Aut(V) and in Aut(P 4 ). 
By Lemma 13.71 there are no G-fixed points in P 4 . So, the action of the group G on P arises 

from its irreducible five-dimensional representation (cf. Remark I3.4p . Hence, there is a subgroup 

H c Aut(V) 

such that G C H = E>q. Let 9 be an involution in H such that 6 ^ G. Put 

t = d,- 1 o 9 o 6 G Bir' 5 ^ 3 ^ 



It follows from the construction of t that (l, G) = §6- 

Suppose that t is biregular. Let us identify the subgroup (i, G) with H = S 6 . Then ^J =1 L< 
must be ^/-invariant. Let G*i C G and i?i C H be stabilizers of the line L\. Then 
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and there are natural homomorphisms £: G\ — > Aut(Li) and r/: H\ — > Aut(Li). Thus, we have 

A 5 = im(C) C im(?7), 

which gives im(r/) = §5. But Aut(Li) = PGL(2,C) contains no subgroups isomorphic to §5. 
We see that the birational involution t is not biregular. 

Put t = f3~ l o 9o /3 G Bir(f/). Then r is a composition of flops, and the commutative diagram 



is a G-equivariant Sarkisov link of type II (see \12\ Definition 3.4]). 

The involution r is biregular outside of the curves contracted by (3. Then r naturally acts on 
the group Pic(t7). Moreover, this action is nontrivial, because l is not biregular. 

Put H = a* (0 F 3(1)). Let E k be the a-exceptional divisor such that a{Ek) = L^. Then 



t*(H)-t*(H). UH-J2EA 



because t*(Ku) ~ Ky and /3 contracts finitely many curves. Similarly, we see that 



6 



r*[H) ■ T*(E k ) ■ UH-Y^Ei \= 1, r*{Ei) ■ r*(E k ) ■ UH-J^Ei 

V i=l / V i=l 

which immediately implies that 



- 2 if i = k, 



(4.5) 



t*(h) ~ im-h^Ei, 

i=l 

r*(E k ) ~ UH-AEk-^Ei, 

because the involution r acts non-trivially on Pic([7). □ 

Lemma 4.6. There is a birational involution l' G Bir G (P 3 ) such that 

• the involution l' is not biregular, 

• the linear system t'(|Op3(l)|) is a linear subsystem in | Cp>3 (19) | , and 

mult r/ (M f ) = 5 

for every i £ {1,2,3,4,5,6} and a general M' £ i, / (|O p3 (l)|), 

• the group generated by G and t! is isomorphic to §6- 

Proof. We can put 1! = v o l o v~ l for any v G G = §6 such that v G. □ 

Note that the choice of 1 and 1! is not unique. Put T = {l, l' , G). 
Theorem 4.7. The variety P 3 is G-birationally rigid and Bir G (P 3 ) = V. 

By Corollary A. 22], the assertion of Theorem 14.71 is implied by the following result. 
Theorem 4.8. The subgroup T C Bir G (P 3 ) untwists all G-maximal singularities. 

Before proving Theorem 14.81 let us use the proof of Theorem 14. 8l to prove the following result. 
Theorem 4.9. The group T is the free product of G and (l, G) with amalgamated subgroup G. 
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Proof. Let £ be a birational automorphism in Bir G (P 3 ) such that £ G" G. Put 



M = t\ 



P3 (1) 



and take A G Q such that K p3 + XM ~q 0. Then (P 3 , XM) is not canonical by pi Theorem 4.2]. 
Let M be a general surface in M. Then 

mult Ll (M) = ... = mult Le (Af) , 

because Yli=i * s G-orbit of the line L\. Similarly, we see that 

mult L / (M) = ... = multj/ (M) . 

We claim that either multx 1 (M) ^ 1/A or mult^(M) ^ 1/A. Indeed, suppose that 

min (mult l x (M) , mult L / (M) ) > - , 
and let IT be a general plane in P 3 that contains the line L\. Put 



M 



= mult Ll (M)Li+B= 



n 

where B is a mobile linear system on II. Let B\ and B 2 be general curves in B. Then 

multo 2 (Si) = . . . = multo B (-Bi) = multo 2 (B 2 ) = ... = multo 6 (B 2 ) = mult,^ (M) , 

where Oj = II n Lj for i G {2, . . . , 6}. Similarly, we see that 

multQ/ (Bi) = . . . = multo' (B\) = mult^/ (B2) = . . . = mult^ (-B2) = mult £/ (M) , 

where 0< = n n £■ for i G {1, . . . , 6}. Then 

6 6 

B x -B 2 > 5^mult .(Bi)mult 0i (B2) + mult / (Bi)mult / (S 2 ) > ^, 

i=2 i=l 

because mult^ 1 (M) > 1/A and mult^/ (M) > 1/A. On the other hand, we have 

'■' mult Ll (M)Li) = f ^-mult Ll (M)Li j < ^, 



B\-b 2 = I — n 



which is a contradiction. Thus, we see that multt 1 (M) 1/A or multjy (M) ^ 1/A. 
If the inequality multi 1 (M) > 1/A holds, then it follows from (|4.5p that 



S \ " p3 

for some 5 G Q such that 5 < A. Similarly, if the inequality multx/ (M) > 1/A holds, then 

t'{M) ~q p{- K v 

for some 5' G Q such that £' < A (cf. the proof of [7J Lemma B.15]). 

Therefore, there is a uniquely defined £ G Bir G (P 3 ) and 7 G <Q> such that 

m times 

the equivalence K ¥ s + 7C(.M) ~q holds, and 

1 

^ -• 

7 



max (mult Ll (COO) , mult L / 
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Arguing as in the proof of Theorem 14.81 we see that (P 3 , 7£(.A/f )) is canonical. Hence 

C o £ G G = § 6 
by Theorem 4.2]. On the other hand, one has 

i! = v o i o z> _1 

for some z/ £ G \ G by construction of i' (see the proof of Lemma 14. 6p . 
Without loss of generality we may assume that v is an involution. 
We see that every a G Bir G (P 3 ) can be uniquely written as 

a = B o toyoioyotoj/otoi/oio... 

v ? 7 

V r times / 

for some j3 G G such that r = if and only if a G G. The latter easily implies that T is the free 
product of the groups G = §6 and (t, G) = §q with amalgamated subgroup G = Aq. □ 

Remark 4.10. Note that G (i, t', G) (see the proof of Theorem 14. 9p . 

In the rest of this section, we prove Theorem 14.81 (cf. the proof of pH Theorem B.17]). 
Suppose that V does not untwists all G-maximal singularities. Let us derive a contradiction. 

Lemma 4.11. There is linear system H on P 3 such that 

• the linear system T~L is G-invariant, 

• the linear system T~L does not have fixed components, 

• the singularities of the log pair 

(p 3 ,A t t 

are not canonical for every r G T, where A T G Q such that 

K ¥ 3 + \ t t(H) ~q 0. 

Proof. The required assertion follows from Definition A. 21] (cf. |11| Theorem 4.2]). □ 

Note that 3/A T G Z>o for any element r G T. Thus, there is e G T such that X e is as large as 
possible. Put M. = e(T~l) and A = X € . Then (P 3 , XM.) is not canonical by Lemma f4. Ill 

Lemma 4.12. Let M be a general surface in Ai. Then 

- ^ max (mult u (M) , mult L / (M) ^ 

for every i G {1, 2, 3, 4, 5, 6}. 

Proof. The inequalities follow from the minimality of X e (cf. the proof of Theorem I4.9P . □ 
Let us show that the log pair (P 3 , XM.) is canonical. Suppose that is not. 

Remark 4.13. There is /i G Q such that /i < 2A and (P 3 ,/iA^) is strictly log canonical. 
Let S C X be a minimal center in LCS(P 3 , fj,M). 

Lemma 4.14. The center S is not a surface. 

Proof. The linear system Ai has no fixed components. □ 
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Put H = O-pziY). By Lemma [2 .101 there is 5 E Q and there is a G- invariant effective Q-divisor 

1) ~q 5H 

on the threefold P 3 such that < 5 < 8, the log pair (P 3 , D) is log canonical and 

LCS(P 3 5J 0) = (J [g(S)}. 

Remark 4.15. It follows from Lemma [4 . 1 2 1 and the proof of Lemma [2.10l that we may assume that 

2 > max^mult Lj (Z)),mult L / (D)\ 

for every i E {1, 2, 3, 4, 5, 6}. 

Let X be the multiplier ideal sheaf of the log pair (P 3 ,D), and let C be the log canonical 
singularities subscheme of the log pair (P 3 ,Z)). Then it follows from Theorem 12.11 that 

(4.16) h° (o c ® Ops (AH) ) = h° (o p3 (4H) ) - h° (o ri (AH) ® l) = 35 - h° (o ¥ z (AH) 1\ . 
Lemma 4.17. The center S is a curve. 

Proof. If S is a point, then |LCS(P 3 ,-D)| ^ 35 by ()4.16j) . which contradicts Lemma 13.81 □ 
By Theorem 12.61 the curve S is a smooth curve in P 3 of degree d and genus g ^ 2d. Put 

q = h° (o ¥ z (AH) fg)f), 

let Z be the G-orbit of the curve S, let r be the number of irreducible components of Z. Then 

• the equality Z = C holds, because (P 3 ,D) is log canonical, 

• the curve Z is smooth by Lemma 12.51 

• the curve Z C P 3 is not contained in a plane by Remark 13.41 
Lemma 4.18. The equality r(Ad — g + 1) = 35 — q holds. 

Proof. The equality follows from (|4,16p and the Riemann-Roch theorem, because 2d ^ g. □ 
Corollary 4.19. The inequality g ^ 34 holds. 
Lemma 4.20. Suppose that 1 ^ q ^ 7. Then q E {5,6}. 

Proof. The center of G acts trivially on polynomials of even degree. Hence, the space 

W = H°fo ¥S (AH) ®xV 

has a natural structure of a (5-representation. Suppose that q {5, 6}. Then W has a trivial sub- 
representation of the group G (see p3]), which is impossible by Lemma 13.71 □ 

Lemma 4.21. Suppose that r ^ 1. Then r = 6 and d = 1. 

Proof. Since r ^ 35 by Lemma 14.181 one nas 

r E {6,10,15,20,30} 

by Lemma 13.31 In particular, the inequality q ^ 1 holds by Lemma 14.181 
Suppose that q ^ 6. Then r(4<i — g + 1) < 30 by Lemma f4. 181 We see that 

g + l^Ad-g + l<5, 

which implies that g ^ 3. Then d = 1 and 5 = 0, which leads to a contradiction. 

By Lemma 14.201 we may assume that q = 5. Then r E {6, 10, 15, 30} by Lemma 14.181 

If r = 30, then g + 1 ^ Ad — 5 + 1 = 1 by Lemma 14.18} which is a contradiction. 

If r = 15, then g + 1 ^ Ad — ^ + 1 = 2 by Lemma 14.18} which leads to a contradiction.. 

If r = 10, then g + l^ Ad — 5 + 1 = 3 by Lemma |4.18| which leads to a contradiction. 

If r = 6, then 5 + 1^ Ad — 5 + 1 = 5 by Lemma I4.18[ which gives 5 = and d = 1. □ 
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Lemma 4.22. The equality r = 1 holds. 

Proof. Suppose that r / 1. Then Z is a disjoint union of 6 lines by Lemma |4.21| which implies 
that either Z = L\ + L 2 + L 3 + L 4 + L 5 + L 6 , or Z = L[ + L' 2 + L' 3 + L' A + L' 5 + L' 6 . 

Without loss of generality, we may assume that S = L\ and Z = L\ + L 2 + L% + L4 + L5 + Lq. 

Let F C G be the stabilizer of L x . Then F = A 5 . Let vr : U P 3 be the blow up of L x . Then 



iff/ + L> + (mult Ll (L>) - 1J£ ~q vr* ( K F3 + L> y 

where £7 is the ^-exceptional divisor, and D is the proper transform of D on U. One has 

2 > mult Ll (L>) > 1 

by Remark 14.151 The group F naturally acts on E so that the divisor D\e is -F-invariant. 

We can identify the surface E with a smooth quadric in P 3 . The action of the group F ex- 
tends to the ambient space P 3 . Note that this action arises from the standard four-dimensional 
representation of the group F = A5. 

It follows from the inequality mult^^D) < 2 that the set 

LCS (^U, D + (mult Ll (D) - ljE^J 
contains an irreducible reduced curve C C E such that tt(C) = L\, One has 

C G LCS^E.D \ 

by Theorem 12.41 which is impossible by Lemma 12.141 □ 

We see that Z = S. 
Lemma 4.23. The inequality g 7^ 31 holds. 

Proof. Suppose that g = 31. Then it follows from Lemma |4. 181 that 

65 - q 

which gives q > 0. Hence q ^ 5 by Lemma [4.20i We have g/2 ^ d ^ 15, which is impossible. □ 
Lemma 4.24. The inequality g ^ 25 holds. 

Proof. Suppose that g = 25. Then it follows from Lemma |4. 181 that 

which gives q > 0. Hence q ^ 11 by Lemma f4.201 We have g/2 ^ d ^ 12, which is impossible. □ 
Lemma 4.25. The inequality g 7^ 19 holds. 

Proof. Suppose that 5 = 19. Then S is not contained in a cubic surface by Lemma [3 .91 We have 

h° (o p:i (3) ® O s ) 2* ^° (Opa (3) ) = 20, 
because there is an exact sequence of the cohomology groups. 

^ H° (o F s (3) <g> j) — > F° (o p3 (3)) — »• #° (o p3 (3) <g> 5 ) • 
By the Riemann-Roch theorem, we have 

20 h° (o p3 (3) ® C 5 ) = 3d - 5 + 1 + /i 1 (o p3 (3) ® O s ) = 3d - 18 + h 1 (o p3 (3) ® Os' 
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which implies that /i 1 (O p3 (3) <g> O s ) + 0, because d 12 by Lemma 14.181 Then 

19 > y + 1 ^ /i°(o p3 (3) ®Osr) > 20 
by Theorem 12.161 □ 
Lemma 4.26. The inequality g ^ 16 holds. 

Proof. Suppose that g = 16. Arguing as in the proof of Lemma 14.25} we see that 

18 > y + 1 ^ /i°(o p3 (3) ® 5 ) ^ 20 
by Theorem 12. 16[ because d ^ 11 by Lemma 14.181 □ 

Therefore, we see that g = 10. Then d ^ 9 by Theorem 12.171 
Lemma 4.27. The inequality d ^ 9 holds. 
Proof. Suppose that d = 9. It follows from Lemma 13.71 that 

h°(o ¥3 (2) ®lW 1, 

which implies that S 1 = i^ni^, where i 7 ! and F2 are cubic surfaces in P 3 (see |16} Example 6.4.3]) 
The group G cannot act non-trivially on the pencil generated by F\ and F2, which implies 
that the surfaces F\ and F2 must be G-invariant. The latter is impossible by Lemma 13.71 □ 

Lemma 4.28. The inequality d 7^ 10 holds. 

Proof. Suppose that d = 10. Then q = 4 by Lemma l4.18| which is impossible by Lemma [4.201 □ 
Thus we see that d 5? 11. Then q = and d = 11 by Lemma 14.181 

Take a subgroup F C G such that F = A5 and the embedding F C G is non-standard (see De- 
finition [37TJ) . Then there is an F-invariant twisted cubic curve C C P 3 by Lemma 13.61 

Let R be the quartic surface in P 3 that is swept out by the lines that are tangent to C. Then 

• the surface R is .F- invariant, 

• the curve S is not contained in the surface R, because q = 0. 

Put S = R n S. We have S = Ei U . . . U S r , where Ej is a F-orbit. Hence, we have 

r 

44 = J R-5 = ^a 4 |E 4 | 
i=l 

for some positive integers a\,...,a r . We may assume that |Ei| ^ ... ^ |E r |. But 

|E f | € {12,20,30,60} 

for every i 6 {1, . . . , r} by Lemma 12.71 Thus, we see that |Ei| = 20. 

Let O G Ei be a point, and let Fo C F be the stabilizer of the point O. Then Fo — Z3. 
Let r be the G-orbit of the point O, and let Go C G be the stabilizer of the point O. Then 

• the order of the group Go must divide 18, 

• the group Go is cyclic by Lemma 12.71 

which implies that Go — Z3. Hence, we see that |T| = 120, which contradicts Lemma \TE[ 
The obtained contradiction completes the proof of Theorem 14.81 
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5. Segre cubic 

Let G C SL(5, C) be a subgroup such that G = A 6 . Put W = C 5 and 

G = (j){G) C Aut(P 4 ) ^PGl(5,c), 

where </>: SL(5,C) — >■ Aut(P 4 ) is the natural projection. Then 

• the space W is an irreducible representation of the group G = G = Aq, 

• there is unique cubic hypersurface Icr that is G-invariant. 

Let us identify X with a smooth complete intersection in P 5 that is given by the equation 

5 5 

^Xj = ^j;- = 0cP 5 = Proj(c[xo,xi,x 2 ,x 3 , £4,2:5]), 

2=0 1=0 

and let us identify G with a subgroup of the group Aut(X) (cf. Example II . 15|) . 
Let O E X be a point, and let F C G be its stabilizer. 

Remark 5.1. Let T be the affine tangent space to P 4 at the point O E P 4 . Then F naturally 
acts on the space T. Let us consider W as a representation of the group F. One has 

f = W/Wo ® Wq, 

where Wo is the one-dimensional subrepresentation of -F that corresponds to the point O E P . 

Let £ be the G-orbit of the point O £ X. 
Lemma 5.2. Suppose that |E| ^ 15. Then |£| E {10, 15}. 

Proof. One has |£| 7^ 1, because W is an irreducible representation of the group G. Hence 

|E| E {6,10,15} 

by Lemma 13.31 Suppose that |£| = 6. Then F = A5 by Lemma 13.31 

Let us consider W as a representation of the group F. Then W is reducible and 

W = W t W A , 

where Wt and W4 are the trivial and a four-dimensional representations of the group F, respec- 
tively. The embedding F C G is standard (see Definition 13. ip . because W is reducible. 

Note that Wt is the only one-dimensional subrepresentation of the representation W, because 
the representation W4 is irreducible. Hence, the set E must contain a point in P 5 that is given by 

xq = xi = x 2 = x 3 = x 4 = — — , 

5 

which is impossible, because this point does not belong to the hypersurface IcP 5 . □ 

Let T be the affine tangent space to X at the point O. Then F naturally acts on T. 
Lemma 5.3. Suppose that |E| = 10. Then E = Sing(X) and 

F = (z 3 x Z 3 ) x Z 4 . 

Moreover, T is an irreducible four-dimensional representation of the group F. 

Proof. One has F = (Z 3 x Z 3 ) X _Z 4 by Lemma E3J 

Up to conjugation, the group G has a unique subgroup that is isomorphic to F, which implies 
that we may assume that F fixes the point [1:— 1:1:— 1:1:— 1]E Sing(X). 

Let us consider W as a representation of the group F, and let W\ C W be the one-dimensional 
subrepresentation of the group G that corresponds to the point [1:— 1:1:— 1:1:— 1]. Then 

W = Wi W4, 
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where W4 is some four-dimensional representation of the group F. 

Let xi an d X De the characters of the representations W\ and W, respectively. The values of 
the characters xi an d X an d the structure of the subgroup F are given in the following table: 





[4,2] 


[3,3] 


[3,1,1,1] 


[2,2,1,1] 


e 


# 


18 


4 


4 


9 


1 


X 


-1 


-1 


2 


1 


5 


Xi 


-1 


1 


1 


1 


1 



where we use notation similar to the ones used in the proof of Lemma 13.71 

We see that W4 is an irreducible representation of the group F. Thus, without loss of gener- 
ality, we may assume that O = [1 : — 1:1:— 1:1:— 1]. Then 

T = W4 ® Wl 

by Remark 15.11 which implies that T is an irreducible representation of the group F. □ 

Let T be the G-orbit of the point [0:0:0:0:1:- l]6l \ Sing(X). Then |r| = 15. 

Lemma 5.4. Suppose that |S| = 15. Then £ = V, and F = §4. Moreover, T is an irreducible 
three-dimensional representation of the group F. 

Proof. One has F = §4 by Lemma 13.31 Up to conjugation, the group G contains exactly two 
non-conjugate subgroups that are isomorphic to the group F = §4 (see Lemma [3T3|) . 

Let us consider TV as a representation of the group F. Then W contains some one-dimensional 
subrepresentation U of the group F that correspond to the point O G X. 

Let Wt be the trivial one-dimensional representations of the group F, and let W\ be the non- 
trivial one-dimensional representations of the group F . Then either U = Wt or U = W\. 

Let x an d Xi De the characters of W and W\, respectively. 

Suppose that S4 = F C G = Aq is a non-standard embedding. The values of xi an d X an d 
the structure of the subgroup F are given in the following table: 





[4,2] 


[3,3] 


[2,2,1,1] 


[2,2,1,1] 


e 


# 


6 


8 


3 


6 


1 


X 


-1 


-1 


1 


1 


5 


Xi 


-1 


1 


1 


-1 


1 



where we use notation similar to the ones used in the proof of Lemma 13.71 an d we divide 
the elements of type [2, 2, 1, 1] that are contained in the subgroup F into two classes with respect 
to the values of the character xi- We see that W contains no one-dimensional subrepresentations. 

Thus S4 = F C G = Aq is a standard embedding. The values of xi an d X an d the structure 
of the subgroup F are given in the following table: 





[4,2] 


[3,1,1,1] 


[2,2,1,1] 


[2,2,1,1] 


e 


# 


6 


8 


3 


6 


1 


X 


-1 


2 


1 


1 


5 


Xi 


-1 


1 


1 


-1 


1 



which implies that W = Wt © W\ © W3 , where W3 is an irreducible three-dimensional represen- 
tation of the group F. Hence T is an irreducible representation of the group F by Remark 15. 11 
Suppose that £ ^ V. Then [1:1:1:1: —2 : —2] G S. But [1:1:1:1: —2 : —2] X, which 
gives a contradiction. □ 
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Let H be a general hyperplane section of the cubic X C P 4 . 
Remark 5.5. The G-invariant subgroup of the group Cl(X) is generated by H G C1(X). 

The main purpose of this section is to prove the following result (cf. [TJ Lemma B.15]). 
Theorem 5.6. The threefold X is G-birationally superrigid. 

Suppose that X is not G-birationally superrigid. Let us derive a contradiction. 

Lemma 5.7. There is linear system M on X such that 

• the linear system M is G-invariant, 

• the linear system A4 does not have fixed components, 

• the log pair (X, XA4) is not canonical, where A E Q such that 

Kx + A.M ~ Q o. 

Proof. See pH Theorem 4.2], [5J Theorem 1.4.1], [7J Corollary A.22]. □ 

Lemma 5.8. There is \i G Q such that fi < 2X and (X, /i.M) is strictly log canonical. 

Proof. The required assertion is obvious if (X, XM) is not canonical outside of the set Sing(X), 
which implies that we may assume that (X, XM) is canonical outside of the set Sing(X). 
The log pair (X, XA4) is not canonical at some point P G Sing(X). 

Let it: U — > X be a blow up of the point P, and let E be the ^-exceptional divisor. Then 

M ~vr*(X) -mE, 

where M is the proper transforms of the linear system A4 on the variety U, and m£l Then 

1 

m > — 
A 

by |3 Theorem 1.7.20]. Thus, the log pair (X, 2A.M) is not log canonical at the point P. □ 
Let S C X be a minimal center in LCS(X, fiAi). Then it follows from Lemma 12.51 that 

g{S)ng'{S) ^0 ^ s(S) 

for every g £ G 3 g'. 

Lemma 5.9. The center S is not a surface. 

Proof. The linear system A4 has no fixed components. □ 
By Lemma 12.101 there is a G-invariant effective Q-divisor D on X such that 

LC§(x,d) = |J {g(S)}, 

geG 

the log pair (X, D) is log canonical and D ~q> —5Kx for some S G Q such that < 5 < 2. 
Remark 5.10. Arguing as in the proof of Lemma 2.11], we see that we can replace -D by 

(fi-e)M + f?H, 

where e G Q>o 3 e' such that e < 1 and e' < 1, and % is a G-invariant linear system such that 

• the equivalence % ~ —nKx holds for some n>0 and 

= — r hen, 

A 

• the base locus of the linear system T~L coincides with LCS(X, D), 

which implies that, without loss of generality, we can replace D by jiftA (cf. Lemma l2.10p . 
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Therefore, without loss of generality, we may assume that 

UCS(x,nM) = |J {g{S)}. 

gee- 
Let I be the multiplier ideal sheaf of (X, fiAi), and let C be the subscheme given by X. Then 

(5.11) h {o c ®Ox{2H)^ = h°(Ox(2H) \ -h°(o x (2H) ®l\ = 15 - h°(o x (2H) ®z) 

by Theorem 12.11 

Lemma 5.12. The center S 1 is not a singular point of the threefold X. 
Proof. Suppose that S is a singular point of the threefold X. Then 

LCS(x,nM) = Sing(X), 



because G acts transitively on the set Sing(X). Recall that |Sing(X)| = 10. 

Let F C G be a stabilizer of the point S. Then F = (Z3 x Z3) X Z4 by Lemma 15.31 

Let 7T :[/—)■ X be a blow up of the points Sing(X), and let E%, . . . , E10 be the 7r-exceptional 

divisors. Then there is a positive rational number m such that 

10 

K v + fiM + [m - l) ^2 Ei ~q it* (k x + 

i=i 

where M is the proper transforms of the linear system M on the variety U. 

Note that it follows from Theorem 1.7.20] that m ^ 1 (cf. [121 Theorem 3.10]). 

We may assume that tt(Ei) = S. There is a natural homomorphism v: F — > Aut(-Ei). Then 

lct(Si,u(F)) ^ 1 

by Lemmas [2T3] and [531 because fi^P^P 1 . 

Let us show that \ct{E\,v{F)) < 1 to derive a contradiction. 

One can easily check that there exists a two-dimensional linear subspace IT C IP 4 such that 

nnSing(X) =4 

and lid (see [181 Section 3.2]). Let C be a general conic in n that contains ITnSing(X). Then 

C£ Bs(M), 

and C is irreducible. Let C be a proper transform of the curve C on the threefold U. Then 

8 m 4 , m .-, ~ 
--4— > - - 4— =M-C^0, 
H [l X n 

which implies that m < 2. In particular, the singularities of the log pair 

( U, fiM + (m 



10 \ 
i=i ) 



are not Kawamata log terminal along E\. Hence lct(Ei,v(F)) < 1 by Theorem 12.41 □ 
Lemma 5.13. The center S is a curve. 

Proof. Suppose that S is a point. Then S Sing(X) by Lemma f5. 131 It follows from (|5.1ip that 

LCS(X, fiM 



< 15, 

which implies that LCS(X, fiA4) the G-orbit of the point [0:0:0:0:1: —1] by Lemma [BT 
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>1 



There are 15 two-dimensional linear subspaces LTi, . . . , II15 in P such that 



IT nhcs(x, imM 



6 



and X n LTj = L\ + L? + L? for any i G {1, . . . , 15}, where L\ is a line such that 

(^Lj n Lfj u (xj n Lf) u (l? n l?) j f| lcs(x, ^m) = 

and L;- = if and only if = (r, s). Note that the curve 

i=l 

is a G-orbit of the line L}. Without loss of generality, we may assume that S € L\. 
Let Mi and M 2 be general surfaces in the linear system Ai. Put 

15 

M x - M 2 = 7E( L i + L i + ^ 3 ) 

i=i 

where is an effective cycle such that L| ^ Supp(fi) for every i G {1, . . . , 15} and j E {1, 2, 3}, 
and 7 is a non-negative rational number. Put 



m = multslMi • M 2 J, 
and let D be a general surface in |//"| that contains the lines L\, L\ and L\ . Then 

^ - 3 7 = D- (n + ^fLj + Ll + Lf)j >6^m- 7 j, 

which implies that 7 ^ 2m — 4/ A 2 . Therefore, we see that 

^ = if • M x • M 2 = 45 7 + H ■ U ^ 45 7 ^ 45 ^2m - , 

which implies that m ^ 32/(15A 2 ). In particular, we see that 

/ . ,\ / — 2\/2 3 3 
mult 5 M^ v ^^- 7 = 3 -<-<-. 

Let it: U — > X be a blow up of the point S, and let E be the ^-exceptional divisor. Then 
K v + nM + (/xmult 5 (X) 2) /•: - ;• it* (k x + fiM) , 



where Ai is the proper transforms of Ai on the variety U. 

Let F C G be a stabilizer of the point S. Then F = §4 by Lemma 15.41 and there is a natural 
homomorphism v: F — > Aut(E'). Note that v is a monomorphism by Lemma 15.41 

There is an irreducible proper subvariety C C E = P 2 such that 

g(C) £ LCS( U, fiM + (/imult s (7W) - 2)^ J 



for every g G v(F). Then C is a curve by Theorem 12.31 and Lemma 15.41 

Let Mi and M 2 be general surfaces in Ai. Then it follows from |12|. Theorem 3.1] that 

mult 9(c) (Mi ■ M 2 ) ^ 4 ( 3 - mult s 
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for every g S v(F). Let 5 be the degree in E = P 2 of the v (-F)-orbit of the curve G. Then 
128 32 . , , . , x „ . / - - \ . „ , . . x 8 / . ,. A \ 9 



^ T3T2 ^ m ^ mult|(Al)+5multcfMi-M2j > mult|(.M) + — f 3 -//mult 



15/x 2 " 15A 2 ^ * v " v ' "V^ 1 a V"V 1 ^V" ^ *Sv>Jj - ^ 

because (5 ^ 2 by Lemma 15.41 The obtained contradiction completes the proof. □ 
By Theorem 12.61 the curve S is a smooth curve in P of degree d and genus g ^ d. Put 

q = h°(Ox[2H) ®X\ 

let Z be the G-orbit of the curve S, let r be the number of irreducible components of the curve Z. 
Lemma 5.14. The equality r(2d — g + 1) = 15 — q holds. 

Proof. The equality follows from (|5.1ip and the Riemann-Roch theorem, because d ^ g. □ 
Corollary 5.15. The inequality g ^ 14 holds. 

Note that Z is not contained in a hyperplane in P 4 , since W is an irreducible G-representation. 
Lemma 5.16. The equality r = 1 holds. 

Proof. Suppose that r ^ 2. Then r ^ 15 by Lemma 15.141 which implies that 

r G {6,10,15} 

by Lemma [3.31 If q = 0, then 2d — g + 1 = 1 by Lemma [5.14l which is impossible, because g ^ d. 
We have g ^ 1. Then r(g + 1) ^ 14 and <? ^ 1. If g = 0, then 

r(2d + l) ^ 14 

by Lemma 15.141 which implies a contradictory inequality d ^ 0. We see that g = 1. Thus 

2rcZ < 14 

by Lemma 15.141 which implies that d = 1 and 5 = 0, that contradicts the equality g = 1. □ 

There is a natural monomorphism 0: (5 — >• Aut(S') (see Lemma l5.2p . 
Lemma 5.17. The equality g = 10 holds. 

Proof. The required assertion follows from Lemmas 15.141 and 12.81 □ 

The equality g = 10 and Lemma 15. 141 imply that d ^ 12. 
Lemma 5.18. The equality q = holds. 

Proof. Let $ C G be a subgroup such that = A5 and the embedding 

A 5 =■ * c G = A 6 

is standard. There is a ^-invariant hyperplane section H C X. Note that S H. We have 

|fiTl5| < d < 12, 

which implies that \H CiS\ = 12, because H (~)S is ^-invariant. Then g = by Lemma 15.141 □ 

Let Q be the G-invariant quadric in P 4 (cf. Example II . 14[) . Then S <£_ Q, because q = 0. 
Put A = Q n S. Then |A| < 24. Let V C G be a stabilizer of a point in A. Then 

1 — I |G| 360 

which is impossible by Lemma 12.71 

The obtained contradiction completes the proof of Theorem 15.61 
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6. QUADRIC THREEFOLD 

Let G C SL(5, C) be a subgroup such that G = A 6 . Put W = C 5 and 

G = (j){G) C Aut(P 4 ) ^PGL^5,C), 

where 0: SL(5,C) — >• Aut(P ) is the natural projection (cf. Section [5]). Then there is a smooth 
quadric hypersurface Q C P 4 that is G-invariant. 

Let us identify Q with a smooth complete intersection in P 5 that is given by the equation 

5 5 

^x^^x, 2 = 0cP 5 = Proj (c [x , xi,x 2 ,x 3 ,X4, x 5 ] J , 

i=0 8=0 

and let us identify G with a subgroup of the group Aut(Q) (cf. Example I1.14p . 
Let O G Q be a point, let F C G be its stabilizer, and let E be its G-orbit. 

Lemma 6.1. Suppose that |E| ^ 30. Then 

• the equality |E| =30 holds, 

• there is cubic hypersurface IcP 4 such that E C X 7$ Q. 

Proof. One has |E| 7^ 1, because is an irreducible representation of the group G. Then 

|S| G {6,10,15,20,30} 

by Lemma [3.31 Arguing as in the proof of Lemmas 14.21 15.21 15.3l and l5.4l we see that |E| G {20, 30}. 

Let us consider W as a representation of the group F. Then W contains some one-dimensional 
subrepresentation U of the group F corresponding to the point O £ Q. 

Suppose that |E| = 20. Then F = (Z3 x Z 3 ) x Z 2 by LemmaESl 

Let Wt and W\ be the trivial one-dimensional and the non-trivial one-dimensional represen- 
tations of F (see the proof of Lemma l5.3f) . respectively. Then either U — Wt or U = W\. 

Let x an d Xi De the characters of the representations W and W\ , respectively. The values of 
the characters xi an d X anc l the structure of the subgroup F are given in the following table: 





[3,3] 


[3,1,1,1] 


[2,2,1,1] 


e 


# 


4 


4 


9 


1 


X 


-1 


2 


1 


5 


Xi 


1 


1 


-1 


1 



where we use notation similar to the ones used in the proofs of Lemmas 13.71 15.31 and 15.41 
We see that U = W\. Thus [1 : -1 : 1 : -1 : 1 : -1] G E. But [1 : -1 : 1 : -1 : 1 : -1] Q. 
Therefore, we see that |E| = 30. Then F = A4 by Lemma 13,31 The embedding 

A 4 = F C G = A 6 

must be standard, because otherwise the representation W would be an irreducible representa- 
tion of the group F (cf. the proof of Lemma l5.4p . 

There are exactly two F-invariant points in Q. These points form a subset 

I [l : 1 : 1 : 1 : -2 + ^f^2 : -2 - ^f^2\ , [l : 1 : 1 : 1 : -2 - ^2 : -2 + ^f^2\ } C E. 

Let X be the cubic threefold in P 5 that is given by 

5 

Xi = (a? - xi) (x 2 - x 3 ) (x 4 - x 5 ) = 0, 

i=0 
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let P be the point [1 : u : lo 2 : 1 : oj : ui 2 ] G P 5 , where ui is a non-trivial cube root of unity. Then 

which completes the proof. □ 

The main purpose of this section is to prove the following result. 

Theorem 6.2. The quadric threefold Q is G-birationally superrigid. 

Suppose that Q is not G-birationally superrigid. Arguing as in the proof of Theorem 15. 6( 
we see that there is a G-invariant effective Q-divisor D on Q such that 

LCs(q,d) = |J {g[S)}, 

geG 

the log pair (Q, D) is log canonical, and D ~q —5Kq for some positive rational number 5 < 2, 
where S is a minimal center in LCS(Q, D) such that either S is a point or a smooth curve. 

Let X be the multiplier ideal sheaf of the log pair (Q, D), let C be subscheme that is given by 
the ideal sheaf X, and let H be a general hyperplane section of the threefold Q C P 3 . Then 

(6.3) h° (<Dc ® Oq (3H) ) = h° (Oq (3H) ) - h° (o Q (3H) 8) f) = 30 - /i° (o Q (3H) x) 

by Theorem 12.11 

Lemma 6.4. The center S is a curve. 

Proof. The required assertion follows from (16.31) and Lemma 16.11 □ 
By Theorem 12.61 the curve S is a smooth curve of degree d and genus g ^ (3d + l)/2. Put 

g = /! (OQ(3H)®x), 

let Z be the G-orbit of the curve S, let r be the number of irreducible components of the curve Z. 
Lemma 6.5. The equality r(3d — g + 1) = 30 — q holds. 

Proof. The equality follows from (16.3|) and the Riemann-Roch theorem, because 3d ^ 2g — 1. □ 
Let X be the cubic threefold in P 5 that is given by Yli=o x i = Ylt=o x i = ® ( c ^- Example 1 1.15p . 
Lemma 6.6. Suppose that q ^ 2. Then q ^ 5. 

Proof. Suppose that 2 ^ g ^ 4. It follows from [13] that G acts trivially on the (/-dimensional 
vector space H°(Oq(3H) (8) X). But Q n X is the only G-invariant surface in |Oq(3F)|. □ 

Note that Z is not contained in a hyperplane in P 4 , since W is an irreducible G-representation. 

Lemma 6.7. The curve S is irreducible. 

Proof. Suppose that r ^ 2. By Lemma 13.31 either r = 6, or r ^ 10. 
Suppose that q = 0. If r = 6, then it follows from Lemma 16.51 that 

3d- g + 1 = 5 

which easily leads to a contradiction, because 2g — 1 ^ 3d. Thus, we see that r ^ 10 and 

3d - g + 1 3 

by Lemma 16.51 We have g ^3. Then d = 1 and <7 = 0, which contradicts Lemma 16.51 

Suppose that q = 1. Then r(3d— <7+l) = 29 by Lemma f6.5| which is impossible by Lemma [3. 31 
Thus, we see that q ^ 2. Hence g 5 by Lemma 16.61 It follows from Lemma 16.51 that 

r(3d-g + l) 25, 
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which implies that 3d — g ^ 3. We have g ^ 4, because 2g — 1 ^ 3d. Thus d ^ 2 and g = 0. 
Applying Lemma 16.51 we get d = 1 and r = 6. Then S is a line, and Z is a union of six lines. 
Let \E r C G be a stabilizer of the line S. Then \I/ = A5 by Lemma 13.31 

Let us consider W as a representation of the group ^ = A5. Then either W is irreducible, or 

W = W t W 4 , 

where Wt and W4 are the trivial one-dimensional and the standard four-dimensional represen- 
tations of the group 'J/ = A5, respectively. In both cases, the line S can not be ^-invariant. □ 

We see that r = 1. Hence g ^ 30 and d ^ 19 by (16.3p . because 3d ^ 2g — 1. 

Lemma 6.8. The equalities d = 12 and 5 = 10 hold. 

Proof. Let IT C Q be a hyperplane section that is cut out by Xi = 0, where i G {0, . . . , 5}. Then 

n n rii n n 2 n n 3 n n 4 n n 5 = 0, 

which implies that, without loss of generality, we may assume that S <f_ Ho- 

Let $ C G be a stabilizer of the surface Ho- Then ^ = A5 and the embedding I cG must 
be standard. Hence we have 

19 ^ d = n • s > Inons 1 ), 

which implies that d = n • S = |n n S\ = 12 by Lemma [2121 because n = P 1 x P 1 . 

It follows from Theorem 12. 1 71 that g ^ 15. Thus g = 10 by Lemma 12.81 □ 

Thus, it follows from Lemma 16.51 that q = 3, which is impossible by Lemma 16.61 
The obtained contradiction completes the proof of Theorem 16.21 

Appendix A. Klein cubic threefold 

Put G = PSL(2,Fn). Let V be a Fano threefold with terminal singularities such that 

• the threefold V admits a non-trivial action of the group G, 

• the G-invariant subgroup of the group C1(V) is Z. 

Example A.l. If V is a smooth hypersurface in P 4 that is given by the equation 

00000 a ( r ~i\ 

x$x\ + x x X2 + x 2 x 3 + £3X4 + x 4 x = C P = Proj( C |x , xi, x 2 , x 3 , x 4 J J , 
then V is non-rational by |10t Theorem 0.12], and Aut(Va) = G by [I]. 

Example A. 2 ([31, Example 2.9]). There is a non-trivial action of the group G in Gr(2, 6), and 

Pic(Gr(2,6)) = Z[H] 

for some very ample divisor H. Then \H\ gives an embedding Gr(2, 6) — > P 14 , which induces 
a non-trivial action of the group G on P 14 . Put 

v = c(Gr(2,6)) nn 

where IT is the unique G-invariant linear subspace II C P 14 such that dim(II) = 9. Then 

• the variety V is a smooth Fano threefold such that Pic(V) = Z and — Ky = 14 (see |19j). 

• the variety V admits a non-trivial action of the group G. 

Let V3 and V14 be the threefolds that are constructed in Examples I A. II and IA.21 respectively. 
Theorem A. 3 ([31, Theorem 1.5]). There is a G-equivariant birational map 

x-.v-* u 

such that either U = V 3 or U = V U - 
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Remark A. 4 (see [31^ Remark 2.10]). The varieties V3 and V\ 4 are birationally equivalent. 

The main purpose of this section is to prove the following result (cf. |314 Remark 2.10]). 
Theorem A. 5. The varieties V3 and V14 are G-birationally superrigid. 
Corollary A. 6. The birational map x : V U i R Theorem IA.3I is biregular. 
Corollary A. 7. There exists no G-equivariant birational map V14 — » V3. 
Corollary A. 8. Up to conjugation, the group 

Biv(V 3 ) Bir(Vi 4 ) 

contains exactly 2 subgroups that are isomorphic to the simple group PSL(2,Fn). 

Let us prove that Vu is G-birationally superrigid. Suppose that V\a is not G-birationally 
superrigid. There is a G-invariant linear system Ai without fixed components such that 

K Vl4 + XM ~q 

for some A € Q>o- Then (V14, XM) is not canonical (see Theorem 1.4.1], [Tj, Corollary A. 15]). 
There is fx £ Q such that fi < 2X and (V14, fj,M) is strictly log canonical. 
Let S C V14 be a minimal center in LCS(Vi4, fj,M). Then dim(5) 6 {0, 1}. 
By Lemma 12.101 there is a G-invariant effective Q-divisor D on the threefold V14 such that 

LCS(U 14 ,D) = |J {g{S)} 

and D ~q — ei^y 14 , where e is a positive rational number such that e < 2. 

Let I be the multiplier ideal sheaf of the log pair (Vi4,D), and let C be the log canonical 
singularities subscheme of the log pair (V14, D). Then it follows from Theorem 1 2 . 1 1 that 

(A.9) h° (o c ® Vli (H) ) = h° (0 Vl4 (H) ) - h° (o VlA (H) ® l) = 10 - h° (o Vl4 (H) ® x) , 

where H e | — i^vi 4 1 • 

Lemma A. 10. The equality dim(<S) = is impossible. 

Proof. Suppose that dim(5) = 0. Let F C G be a stabilizer of a point in LCS(Vi4, L>). Then 

LCS^M,!)) < 10 
by (IA.9p . Thus, we see that \F\ ^ |G|/10 = 66. Hence, we must have 

LCS(V U ,£>) = S 

and F = G, because there are no proper subgroups of G of order greater than 60 (see [13]). 

The action of G on the tangent space to V14 at the point <S gives a faithful three-dimensional 
representation of the group G, which does not exist (see p2]). □ 

It follows from Theorem 12.61 that S is a smooth curve of genus g such that 2g — 2 < S ■ H . 

Lemma A. 11. The curve S is G- invariant. 

Proof. Let Z be the G-orbit of the curve S. Then Z = £, because (Vi4,.D) is log canonical. 

Suppose that S 7^ Z. Let r be the number of irreducible components of Z. Then r 11, 
because there is no nontrivial homomorphism G — > S r if 1 < r ^ 10. 

Using (]A.9p and the Riemann-Roch theorem, we see that 



l0^l0-h°(O VlA [H)®l) =h (O c ®O Vl4 {H)) = r[S-H-g + l\>r, 
because C = Z and 2g — 2 < S ■ H. Thus, we see that r ^ 10. □ 
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Therefore, there is a natural homomorphism 8: G —> Aut(iS). 
Lemma A. 12. The homomorphism 9 is a monomorphism. 
Proof. Suppose that 6 is not a monomorphism. Then 

ker(0) = G, 

because G simple. Let P be a point in S. Then P is G-invariant. The action of the group G on 
the tangent space to the threefold Vu at the point P gives its faithful three-dimensional repre- 
sentation, which does not exist (see |13j). □ 

Lemma A. 13. The inequality g ^ 11 holds. 

Proof. Suppose that g sj 10. Then g ^ 1 by Theorem 12.151 since \G\ = 660. 

Moreover, it follows from the classification of finite subgroups of PSL(2, C) that the monomor- 
phism 9 does not exist if g = 0. Thus, we see that g = 1 and Aut(S') contains a simple non-abelian 
subgroup 6(G) = PSL(2,Fn), which is impossible, because Aut(S) is solvable. □ 

Using (|A.9j) and the Riemann-Roch theorem, we see that 

10 >h°(0 c ®0 Vl AH)) =S-H-g + l, 



14 

because £ = Z and 2g - 2 < S ■ H. Then g > S ■ H - 9. But 2g - 2 < S ■ H. Hence 

2^S-H^ -20 sC 2g-2 < S ■ H, 

which implies that S ■ H ^ 19. Therefore, g ^ 10, which is impossible by Lemma |A. 131 
The obtained contradiction shows that V14 is G-birationally superrigid. 

To complete the proof of Theorem IA.51 we assume that the threefold V3 is not G-birationally 
superrigid. Then there is a G-invariant linear system Ai without fixed components such that 

K Vi + XM ~<q 

for some A G Q>o- Then (V3, XA4) is not canonical (see [5l Theorem 1.4.1], [3 Corollary A. 15]). 
There is /x G Q such that fi < 2X and (V3,/xA4) is strictly log canonical. 
Let S C V3 be a minimal center in LCS(V3, Then dim(5') E {0, 1}. 

By Lemma 12.101 there is a G-invariant effective Q-divisor D on the threefold V3 such that 

LCE(V 3 ,D) = |J {g(S)} 

geG 

and L> ~q — eKy 3 , where e is a positive rational number such that e < 2. 

Let I be the multiplier ideal sheaf of the log pair (V^,D), and let C be the log canonical 
singularities subscheme of the log pair {V^,D). Then it follows from Theorem 12.11 that 

(A. 14) h°(0 c ®0 Vs [2H) \ =h°(o v ,(2H)^ -h°(o V3 (2H) ® j) = 15 - h°(o V3 (2H) ®Z 

where H is an ample generator of the group Pic(Vs). 

Lemma A. 15. The equality dim(iS') = is impossible. 

Proof. Suppose that dim(5) = 0. Let F C G be a stabilizer of a point in LCS(V3,D). Then 



F 



G G 

> - — - = 44 



LCS (V 3 ,D 



15 



by ()A.14p . Thus, if F / G, then F is isomorphic to either A5 or Zn xi Z5 (see ^3]). 

We may identify G with a subgroup in Aut(P 4 ). There is a subgroup G C §L(5, C) such that 

G = 4>{G) C Aut(p 4 ) ^ PGL(5,C 
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and G = G, where <p: §L(5,C) — > Aut(P 4 ) is the natural projection. 

Put W = C 5 . Then W is an irreducible representation of the group G (see [I]), which implies 
that F 7^ G. If F is a subgroup of the group G such that 

<P(F) = F , 

then one can show that W is an irreducible representation of the group F, which is a contradic- 
tion. □ 

It follows from Theorem 12.61 that S is a smooth curve of genus g such that g ^ S ■ H. 
Lemma A. 16. The curve S is G-invariant. 

Proof. Let Z be the G-orbit of the curve S. Then Z = C, because (Vz,D) is log canonical. 
Suppose that S ^ Z. Let r be the number of irreducible components of Z. Then 

r > 11, 

because there is no non-trivial homomorphism G — > S r in the case when 1 < r ^ 10. 
Using (|A.14|) and the Riemann-Roch theorem, we see that 

15 > 15-h°(o V3 (2H) ®X\ =h°(Oc®0 V3 (2H)) = r (2S • H - g + l) , 

because C = Z and g ^ S ■ H. Since r ^ 11, one has 

2S-H-g + l^l, 

which contradicts the inequality g ^ S ■ H. □ 

We see that there is a natural homomorphism 9: G — > Aut(S'). Arguing as in Lemma |A.12| 
we see that 9 is a monomorphism. Arguing as in Lemma lA.131 one obtaines g 11. 

By Theorem 12.151 we may assume that g = 14. Let a, be the number of points on S whose 
stabilizers in G are isomorphic to TL{. Using the Riemann-Hurwitz formula, we see that 

2g - 2 = (2g - 2) ■ |G| + 330a 2 + 440a 3 + 528a 5 + 550a 6 + 600an, 

where g is the genus of the quotient curve S/G (cf. the proof of Lemma f2.8p . Then g = 0. We have 

1294 - 528o 5 = 330a 2 + 440a 3 + 550a 6 + 600an, 

which leads to a contradiction. The obtained contradiction completes the proof of Theorem lA.5[ 

Appendix B. Del Pezzo fibrations 
by Yuri ProkhorovQ 

Let X be a threefold with at worst terminal singularities such that the group Aut(X) has 
a subgroup G = Aq, and let tt : X — > P 1 be a G-Mori fibration (see Definition A.l]). 
The goal of this appendix is to prove the following result. 

Theorem B.l. The isomorphism X = P 1 x P 2 holds, and tt is the projection to the first factor. 

Recall that there exists no monomorphism G — > PGL(2,C). 

Lemma B.2 (cf. |31|. Lemma 4.5]). Let Y be a threefold with at worst terminal singularities 
such that Aut(y) has a subgroup G = Aq. Then Y contains no G-invariant points. 
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Proof. Suppose that Y contains a G-invariant point P £ Y. Let us show that this assumption 
leads to a contradiction. Let Tpy be the Zariski tangent space to Y at the point P. Then 

dimPT^yJ ^ 5, 

because G has no faithful representations of dimension less than 5. We see that Y is not Goren- 
stein at the point P (see [321 Section 3]). Let us regard (Y B P) as an analytic germ. 

Let r be the Gorenstein index of the sing ularity (Y,P), let it: (Y*,pt) -> (Y, P) be the index 
one cover (see [321 Section 3.5]), where P a = 7r _1 (P). Then 

vr: Y tt \{P tt } ^ Y\{P} 

is the topological universal cover (of degree r). Thus, there is an exact sequence of groups 

1 Z r G fl 1 , 

where & is a finite subgroup in Aut (y*,p*). Since G is simple, this is a central extension. 
The group G" naturally acts on the Zariski tangent space Tpj yj to y a at the point P$. 
Recall that (y",pf) is a hyper surf ace singularity. Hence, we have 

dim ^Tp^y it J < 4. 

By the classification of three-dimensional terminal singularities (see [32, Section 6.1]) the ac- 
tion of the group a(Z r ) on T P t Y i in some coordinate system has one of the following forms: 

• either dim(Tpj Y t) = 3 and {x\, X2, xs) i — > (exi,e~ 1 X2,£ a xs), 

• or dim(Tpuyij) = 4 and (x\, X2, x$, X4) 1 — > (exi,e~ 1 X2,e a X3,X4 : ), 

• or dim(Tptt ytt) = r = 4 and {x\, x 2 , x 3 , x 4 ) 1 — >■ (\/^Ta:i, — \[—\xi, ±y/^lx 3 , — X4), 

where e is a primitive r-th root of unity and gcd(r, a) = 1. 

The case dim(Tptt yj) = 4 and r = 2 is impossible, because the group 2.A§ does not have faith- 
ful three-dimensional representations. Therefore, the central subgroup 

a(Zr) C G fl 

has at least 2 different eigenvalues. Then Tpj Y » is a reducible representation of the group 
If dim(Tptt ytt) = 4, then the subgroup a(Z r ) has at least 3 different eigenvalues. 
Hence, in every possible case, the group & has a subrepresentation of dimension at least 2, 

which is impossible, because the group G = Aq does no admit any embedding to PGL(2, C). □ 

Lemma B.3 (cf. |14|). Let S be a smooth del Pezzo surface such that S admits a non-trivial 
action of the group G. Then S = P 2 . 

Proof. Note that S y£ P 1 x P 1 , because there exists no monomorphism G — > PGL(2,C). 
Suppose that S ^ P 2 . Let us derive a contradiction. 

If Kg ^ 5, then the action of G on Pic(5) is trivial, because rkPic(S') ?J 5 and the canonical 
class Ks is G-invariant. Then any (— l)-curve on S must be invariant, a contradiction. 

Let C be a G-invariant curve in | — Ks\ ■ Then every component of the curve C is either rational 
or elliptic curve. Moreover, the curve C consists of at most 4 components, which immediately 
implies that C is not G-invariant, because G is simple. 

Put V = H°(Os(—Ks))- By the above, the group G acts non-trivially on V. Then 

4> K 2 s = h°(Os{-K s )) -1^4, 

which implies that K$ = 4, and the space V is an irreducible five-dimensional representation of 
the group G, because G has no non-trivial representations of dimension less than 5 (see |13j). 
We see that S = Q\ fl Q2 C P 4 , where Q\ and Q2 are irreducible quadric hyper surf aces. 
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The action of the group G on the space V induces its action on P 4 . 

Let V be the pencil generated by Q\ and Q2 is G-invariant. Then V is G-invariant. Since 
there is no monomorphism G — > PGL(2,C), both quadrics Q\ and Q2 are G-invariant, which is 
impossible, because otherwise the vertex of a degenerate quadric in pencil is a fixed point. □ 

Corollary B.4. Let F n be a general fiber of the morphism tt. Then Kp = 9 

Let F be any scheme fiber of the morphism tt: X — > P 1 . Then F is G-invariant. 

Lemma B.5. The threefold X is smooth and F = P 2 . 

Proof. First we show that Supp(-F) is irreducible, normal and has at worst Kawamata log ter- 
minal singularities. This step is similar to the proof of [271 Proposition 2.6]. 

Take fi 6 Q such that (X, (iF) is strictly log-canonical. Then there are a G-invariant 7r-ample 
divisor H and small positive 5± and 5% G Q such that (X, (// — 5\)F + 5 2 H) is log canonical and 

hCs(x,( f i-5 1 )F + 5 2 H^ = \Jg{S), 

where S is a minimal center in LC8(X, fj,F) (cf. Lemma [2.10l or the proof of [27, Proposition 2.6]). 
Put D = (ji- S{)F + 5 2 H. Then LCS(X, D) is a G-orbit of the center S. 
By Theorem 12.31 the locus LCS(X, D) is connected. It follows from Lemma 12.51 that 

L£S(X,D) = S, 

which implies that S is not a point by Lemma lB.21 

If S is a curve, then S = P 1 by Theorem 12.61 which is again impossible by Lemma lB.21 
We see that S is a G-invariant surface. Then S = Supp(i ? ), because tt is a G-Mori fibred space. 
By Theorem 12.61 the surface S is normal and has Kawamata log terminal singularities. 
Let X C S be a subset consisting of points where S is not Cartier. If F is not reduced, then 

1 sC |S| < 4 

by \27\ Theorem 1.1]. Since S is G-invariant, we see that S = by Lemma lB.21 

We see that F is a reduced normal surface having only quotient singularities, which implies 
that F is a degeneration of P 2 by Corollary IB.4I Hence, the inequality 

|Sing(F)| < 3 

holds (see \2f>\ Main Theorem], |15t Corollary 1.2]). So, the surface F is smooth by Lemma IB. 21 
which immediately implies that F = P 2 . □ 

Proof of Theorem IB. 11 It follows from Lemma [B . 5 1 that every scheme fiber of the morphism tt is 
isomorphic to P 2 . By [3] Proposition V.4.1], there are integers b ^ a ^ such that 

X ^ Proj (o ¥ i O p i (a) O p i (b) V 

Recall that the action of the group G on the base P 1 is trivial. 

By Lemma IB.21 every fiber of the morphism tt contains no G-fixed points nor G-invariant 
lines, which implies that a = b = and so X = P 1 x P 2 . □ 
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